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1. Introduction
There are many evidences for a minimal length (ML) of order of Planck length lP =
√
Gh¯/c3 ≈ 10−35 m [1]. In particular, quantum
gravity, string theory and black-hole physics are among such cases. Appearance of a minimal length modiﬁes the traditional Heisenberg
uncertainty principle into the form which we call the generalized uncertainty principle (GUP for short) in the jargon. On the other hand,
such a deformed uncertainty relation changes the corresponding wave equation and as a result the physics of the system. The corre-
sponding Schrödinger equation is now no more a second-order differential equation and this is the situation that causes a great diﬃculty.
Some authors have investigated the problem and the consequences in connection with string theory [1], quantum gravity [2], quan-
tum groups [3], algebraic structure [4], Hilbert space representation [5], black-hole physics [6], path integral approach [7], relativity [8],
extra-dimensions [9] and the holograph [10], non-tachyonic bosonic string [11], doubly special relativity [12], Big-Bang singularity [13],
WKB approximation [14], cosmological constant [15], relativistic wave equations [16], Lamb shift, Landau levels and the tunneling cur-
rent [17,18]. Here, we ﬁrst revisit the modiﬁed quantum mechanics due to minimal length. More precisely, in previously published papers
we are left with a six-order ordinary differential equation which is too cumbersome to be simply solved via the common techniques of
mathematical physics. To get rid of such complexity, some authors ignore the six-order derivative and they are therefore left with a fourth-
order one which is of course easier than the former. But, the story can be much simpler via the analytical techniques already known for
decades if we change the space of the problem via replacing the momentum term with its alternative, i.e. p4 = 4m2(E(0)n − V (x))2 and
p2 = 2m(E(0)n − V (x)). Such a replacement leaves us with neither a six-order nor a fourth-order differential equation. Rather, we are left
with an ordinary differential equation with a different effective potential. We next apply our idea to the Woods–Saxon (WS) potential [19]
which is a successful phenomenological potential in nuclear and particle physics.
2. The generalized uncertainty principle
An immediate consequence of the ML is the GUP [1,12]
x h¯
p
+ αl2p
p
h¯
, (1)
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mass, the second term in the right hand side of Eq. (1) vanishes and we recover the well-known Heisenberg uncertainty principle. The
GUP of Eq. (1) corresponds to the generalized commutation relation [12]
[xop, pop] = ih¯
(
1+ βp2), 0 β  1 (2)
where xop = x, pop = p[1 + β(p)2] and 0  β  1. The limits β → 0 and β → 1 correspond to the standard quantum mechanics and
extreme quantum gravity, respectively. Eq. (2) gives the minimal length in this case as (x)min = 2lp√α.
3. A different methodology
Let us ﬁrst recall few points; the WS potential has the form
V (x) = V0
[
θ(−x) 1
1+ qe −x−Ra
+ θ(x) 1
1+ q˜e x−Ra
]
, (3)
where V0, q, a and R represent the potential depth, deformation parameter, surface thickness and nuclear radius, respectively. The modi-
ﬁed Schrödinger equation for a free particle is (for a detailed discussion see [5,6])
{
p2op
2m
+ V (x)
}
ψn(x) = Enψn(x). (4)
On the other hand,
p2 = 2m(E(0)n − V (x)),
p4 = 4m2(E(0)n − V (x))2, (5)
where E(0)n is the eigenvalue of
H0 = p
2
2m
+ V (x). (6)
Thus, from Eqs. (2)–(6), we may write
H = p
2
2m
+ βp
4
m
+ β
2p6
2m
+ V (x) = H0 + βp
4
m
= H0 + 4mβ
(
E(0)n − V (x)
)2
, (7)
or, in differential form,
h¯2
2m
d2ψn(x)
dx2
+ (En − 4mβ(E(0)n − V (x))2 − V (x))ψn(x) = 0. (8)
4. Reﬂection and transmission coeﬃcients
As we are searching for the scattering states of the equation for a WS potential barrier, ﬁrst we will study the wave functions for x< 0.
From substitution of Eq. (3) into Eq. (8), we ﬁnd
h¯2
2m
d2ψL(x)
dx2
+
{
En − 4mβ
(
E(0)n
)2 − 4mβV 20
(1+ qe −x−Ra )2
+ 8mβE
(0)
n V0
1+ qe −x−Ra
− V0
1+ qe −x−Ra
}
ψL(x) = 0. (9)
By considering yL = −x− R , α = 1/a, we have
h¯2
2m
d2ψL(yL)
dy2L
+
{
En − 4mβ
(
E(0)n
)2 − 4mβV 20
(1+ qeαyL )2 +
8mβE(0)n V0
1+ qeαyL −
V0
1+ qeαyL
}
ψL(yL) = 0. (10)
Applying the new variable zL = 11+qeαyL the latter is written as
zL(1− zL)d
2ψL(zL)
dz2L
+ (1− 2zL)dψL(zL)
dzL
+ 1
zL(1− zL)
{
MLz
2
L + NLzL + PL
}
ψL(zL) = 0, (11)
where
ML = −8m
2βV 20
h¯2α2
,
NL = 16m
2βV0E
(0)
n
h¯2α2
− 2V0m
h¯2α2
,
PL = 2Enm2 2 −
8m2β(E(0)n )
2
2 2
. (12)h¯ α h¯ α
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ψL(zL) = zηLL (1− zL)ζL w(zL), (13)
Eq. (11) takes the form
zL(1− zL)d
2wL(zL)
dz2L
+ [1+ 2ηL − 2(ηL + ζL + 1)zL]dwL(zL)
dzL
− (ηL + ζL + δL)(ηL + ζL − δL + 1)wL(zL) = 0, (14)
which has the form of a hypergeometric equation [19,20] and thus by comparison, we obtain
ηL = i
√
2Enm
h¯2α2
− 8m
2β(E(0)n )2
h¯2α2
,
ζL = i
h¯α
√
−8m2βV 20 + 16m2βV0E(0)n − 2V0m + 2Enm − 8m2β
(
E(0)n
)2
,
δL = 1
2
+
√
1+ ( 32m2βV 20
h¯2α2
)
2
. (15)
So, we may write
wL(zL) = A12F1(ηL + ζL + δL, ηL + ζL − δL + 1;1+ 2ηL; zL)
+ A2z−2ηLL 2F1(−ηL + ζL + δL,−ηL + ζL − δL + 1;1− 2ηL; zL), (16)
and therefore the solution for the x< 0 region is
ψL(y) = A1zηLL (1− zL)ζL 2F1(ηL + ζL + δL, ηL + ζL − δL + 1;1+ 2ηL; zL)
+ A2z−ηLL (1− zL)ζL 2F1(−ηL + ζL + δL,−ηL + ζL − δL + 1;1− 2ηL; zL). (17)
To obtain the solution for the region x> 0 we insert Eq. (3) into Eq. (8) and get
h¯2
2m
d2ψR(x)
dx2
+
{
En − 4mβ
(
E(0)n
)2 − 4mβV 20
(1+ q˜e x−Ra )2
+ 8mβE
(0)
n V0
1+ q˜e x−Ra
− V0
1+ q˜e x−Ra
}
ψR(x) = 0. (18)
By considering yR = x− R , α = 1/a, we have
h¯2
2m
d2ψR(yR)
dy2R
+
{
En − 4mβ
(
E(0)n
)2 − 4mβV 20
(1+ q˜eαyR )2 +
8mβE(0)n V0
1+ q˜eαyR −
V0
1+ q˜eαyR
}
ψR(yR) = 0. (19)
For x> 0, we use a change of variable of the form zR = 11+q˜eαyR and arrive at
zR(1− zR)d
2ψR(zR)
dz2R
+ (1− 2zR)dψR(zR)
dzR
+ 1
zR(1− zR)
{
MRz
2
R + NRzR + P R
}
ψR(zR) = 0, (20)
where
MR = −8m
2βV 20
h¯2α2
,
NR = 16m
2βV0E
(0)
n
h¯2α2
− 2V0m
h¯2α2
,
P R = 2Enm
h¯2α2
− 8m
2β(E(0)n )
2
h¯2α2
. (21)
By using a trial wave function ψR(zR) = zηRR (1− zR)ζRχ(zR) in Eq. (20), we obtain the following solution for the region x> 0
ψR(z) = A3zηRR (1− zR)ζR 2F1(ηR + ζR + δR , ηR + ζR − δR + 1;1+ 2ηR; zR)
+ A4z−ηRR (1− zR)ζR 2F1(−ηR + ζR + δR ,−ηR + ζR − δR + 1;1− 2ηR; zR), (22)
where
ηR = i
√
2Enm
h¯2α2
− 8m
2β(E(0)n )2
h¯2α2
,
ζR = i
h¯α
√
−8m2βV 20 + 16m2βV0E(0)n − 2V0m + 2Enm − 8m2β
(
E(0)n
)2
,
δR = 1 +
√
1+ ( 32m2βV 20
h¯2α2
)
. (23)
2 2
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ψR(z) = A4z−ηRR (1− zR)ζR 2F1(−ηR + ζR + δR ,−ηR + ζR − δR + 1;1− 2ηR; zR). (24)
To proceed further, let us consider the asymptotic behaviors of the of the ψR and ψL wave functions. As x → −∞, zL → 0, (1− zL)ζL → 1
and we obtain from Eq. (17)
ψL(x → −∞) ∝ A1
(
1
1+ qe −x−Ra
)ηL
+ A2
(
1
1+ qe −x−Ra
)−ηL
, (25)
since 2F1 = (η1, η2;η3;0) = 1. For x> 0, in the limit x → ∞, zR → 0, (1− zR)ζR → 1, and we obtain from Eq. (24)
ψR(x → +∞) ∝ A4
(
1
1+ q˜e x−Ra
)−ηR
. (26)
Therefore, we may write the asymptotic behavior of the wave function as follows
ψ(x) =
⎧⎪⎨
⎪⎩
A1(
1
1+qe −x−Ra
)ηL + A2( 1
1+qe −x−Ra
)−ηL , x → −∞,
A4(
1
1+q˜e x−Ra
)−ηR , x → +∞. (27)
The wave function in Eq. (17) can be written as ψL = ψinc + ψref in the limit x → −∞ where ψinc and ψref represent the incident the
reﬂected waves, respectively. On the other side, as x → ∞ the wave function in Eq. (24) is ψR = ψtrans where ψtrans is the transmitted
wave function. These deﬁnitions give us the reﬂection and transmission coeﬃcients as
R =
∣∣∣∣ψrefψinc
∣∣∣∣
2
= |A2|
2
|A1|2 ,
T =
∣∣∣∣ψtransψinc
∣∣∣∣
2
= |A4|
2
|A1|2 . (28)
In order to give the explicit expressions for the coeﬃcients used in the above equations we ought to use the continuity conditions
ψR(x = 0) = ψL(x = 0) and ψ ′R(x = 0) = ψ ′L(x = 0), where prime denotes derivative with respect to x. First we introduce the following
parameters
m1 = 1
1+ qe− Ra
, m2 = 1− 1
1+ qe− Ra
, m3 =
q
a e
− Ra
(1+ qe− Ra )2
,
m4 = 1
1+ q˜e− Ra
, m5 = 1− 1
1+ q˜e− Ra
, m6 =
q˜
a e
− Ra
(1+ q˜e− Ra )2
,
h1 = 2F1(ηL + ζL + δL, ηL + ζL − δL + 1;1+ 2ηL;m1),
h2 = 2F1(−ηL + ζL + δL,−ηL + ζL − δL + 1;1− 2ηL;m1),
h3 = 2F1(−ηR + ζR + δR ,−ηR + ζR − δR + 1;1− 2ηR;m4),
h4 = 2F1(ηL + ζL + δL + 1, ηL + ζL − δL + 2;2ηL + 2;m1),
h5 = 2F1(−ηL + ζL + δL + 1,−ηL + ζL − δL + 2;2− 2ηL;m1),
h6 = 2F1(−ηR + ζR + δR + 1,−ηR + ζR − δR + 2;2− 2ηR;m4). (29)
Then we have{
ψR(x = 0) = ψL(x = 0),
A1m
ηL
1 m
ζL
2 h1 + A2m−ηL1 mζL2 h2 = A4m−ηR4 mζR5 h3,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
ψ ′R(x = 0) = ψ ′L(x = 0),
A1
{
ηLm
ηL−1
1 m3m
ζL
2 h1 − ζLmηL1 mζL−12 m3h1 +mηL1 mζL2 m3
(ηL + ζL + δL)(ηL + ζL − δL + 1)
1+ 2ηL h4
}
+ A2
{
−ηLm−ηL−11 m3mζL2 h2 − ζLm−ηL1 mζL−12 m3h2 +m−ηL1 mζL2 m3
(−ηL + ζL + δL)(−ηL + ζL − δL + 1)
1− 2ηL h5
}
= A4
{
+ηRm−ηR−14 m6mζR5 h3 + ζRm−ηR4 mζR−15 m6h3 −m−ηR4 mζR5 m6
(−ηR + ζR + δR)(−ηR + ζR − δR + 1)
1− 2ηR h6
}
.
(30)
In the calculations, we used the well-known formula dds 2F1(a1,a2;a3; s) = a1a2a3 2F1(a1 + 1,a2 + 1;a3 + 1; s). Combining the last two equa-
tions we obtain the following for the coeﬃcients in Eq. (28)
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A1
=
{
ηLm
ηL−1
1 m3m
ζL
2 h1h3 − ζLmηL1 mζL−12 m3h1h3 +mηL1 mζL2 m3
(ηL + ζL + δL)(ηL + ζL − δL + 1)
1+ 2ηL h4h3 −m
ηL
1 m
ζL
2 ηRm
−1
4 m6h1h3
−mηL1 mζL2 m6ζRm−15 h1h3 +mηL1 mζL2 m6
(−ηR + ζR + δR)(−ηR + ζR − δR + 1)
1− 2ηR h1h6
}/{
ηLm
−ηL−1
1 m3m
ζL
2 h2h3
+ ζLm−ηL1 mζL−12 m3h2h3 −m−ηL1 mζL2 m3
(−ηL + ζL + δL)(−ηL + ζL − δL + 1)
1− 2ηL h5h3 + ηRm
−ηL
1 m
ζL
2 m
−1
4 m6h2h3
+ ζRm−ηL1 mζL2 m6m−15 h2h3 −m−ηL1 mζL2 m6
(−ηR + ζR + δR)(−ηR + ζR − δR + 1)
1− 2ηR h2h6
}
, (31)
and
A4
A1
=
{
ηLm
ηL−1
1 m3m
ζL
2 h1h2 − ζLmηL1 mζL−12 m3h1h2 +mηL1 mζL2 m3
(ηL + ζL + δL)(ηL + ζL − δL + 1)
1+ 2ηL h4h2 + ηLm
ηL−1
1 m3m
ζL
2 h1h2
+ ζLmηL1 mζL−12 m3h1h2 −mηL1 mζL2 m3
(−ηL + ζL + δL)(−ηL + ζL − δL + 1)
1− 2ηL h1h5
}/{
ηLm
−ηR
4 m
ζR
5 m
−1
1 m3h3h2
+ ζLm−ηR4 mζR5 m−12 m3h3h2 −m−ηR4 mζR5 m3
(−ηL + ζL + δL)(−ηL + ζL − δL + 1)
1− 2ηL h3h5 + ηRm
−ηR−1
4 m
ζR
5 m6h3h2
+ ζRm−ηR4 mζR−15 m6h3h2 −m−ηR4 mζR5 m6
(−ηR + ζR + δR)(−ηR + ζR − δR + 1)
1− 2ηR h6h2
}
. (32)
5. Conclusions
We proposed a very simple approach to deal with the generalized quantum mechanics. We observed that the results of previous studies
can now be recovered in a much simpler way. In other words, we obtained a second-order differential equation which resembles the
standard Schrödinger equation with an effective potential. In such a procedure, no six- or fourth-order differential appears and the wave
equation can be solved for a deﬁnitely larger class of interactions. Next, bearing in mind the successful predictions of the Woods–Saxon
potential in various physical ﬁelds, we considered the modiﬁed Schrödinger equation due to minimal length under this interaction and
reported exact analytical solutions of the problem. To provide a more applied basis for possible further studies, we calculated transmission
and reﬂection parameters as well. Our methodology can be extended to a large class of interactions.
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